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ÏÅÄÈÑËÎÂÈÅ
Â êà÷åñòâå ââîäíûõ ñòðîê ê äàííîìó ó÷åáíîìó ïîñîáèþ ìû õîòå-
ëè áû ïðèâåñòè âûäåðæêó èç èçâåñòíîé ñòàòüè Â. Âàéñêîïà ÔÈ-
ÇÈÊÀ Â XX ÂÅÊÅ îïóáëèêîâàííîé â æóðíàëå Óñïåõè Ôèçè÷åñêèõ
íàóê (Òîì 101, âûï. 4, 1970ã.):
Êîñìîëîãè÷åñêèå àñïåêòû ïîâåäåíèÿ âåùåñòâà îáíàðóæèâàþò,
÷òî êâàíòîâàÿ èçèêà ýëåêòðîíà íå èãðàåò áîëüøîé ðîëè âî Âñå-
ëåííîé. Ëèøü èçðåäêà âåùåñòâî íàõîäèòñÿ â òàêîì ñîñòîÿíèè, êîãäà
ñóùåñòâåííû êâàíòîâûå ñâîéñòâà ýëåêòðîíîâ, âðàùàþùèõñÿ âîêðóã
ÿäåð. Â áîëüøèíñòâå ñëó÷àåâ âåùåñòâî èëè ñëèøêîì ãîðÿ÷åå, èëè
æå ÷åðåñ÷óð ðàçðåæåííîå. Íî èìåííî â òåõ ñïåöèàëüíûõ óñëîâèÿõ,
êîãäà ìîãóò îáðàçîâûâàòüñÿ êâàíòîâûå îðáèòû, ïðèðîäà îðìèðóåò
àòîìû, êîìáèíàöèè èõ, ìàêðîìîëåêóëû è æèâûå îðãàíèçìû. È êàê
ðàç ïðè ýòîì ïðîèñõîäèò âåëè÷àéøåå ñîáûòèå âî Âñåëåííîé, êîãäà
Ïðèðîäà â îðìå ÷åëîâåêà íà÷èíàåò ïîçíàâàòü ñàìà ñåáÿ.
Ïðî÷íîé îïîðîé êâàíòîâîé ìåõàíèêè ÿâëÿåòñÿ ýëåãàíòíûé è ìîù-
íûé ìàòåìàòè÷åñêèé àïïàðàò, îñíîâàííûé íà òåîðèè îïåðàòîðîâ.
àçâèòûé èçíà÷àëüíî â êâàíòîâîé ìåõàíèêå äëÿ îïèñàíèÿ âíóòðè-
ÿäåðíûõ è àòîìàðíûõ ïðîöåññîâ, è ñòàâøèé çàòåì íàäåæíûì èí-
ñòðóìåíòîì â êâàíòîâîé õèìèè, îí äîñòèã â íàñòîÿùåå âðåìÿ òàêîãî
óðîâíÿ, ÷òî íàõîäèò óñïåøíîå ïðèìåíåíèå â èçó÷åíèè áèîèçè÷å-
ñêèõ ïðîöåññîâ â îòäåëüíûõ êëåòêàõ æèâûõ ñèñòåì.
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4. ÊÂÀÍÒÎÂÎÌÅÕÀÍÈ×ÅÑÊÈÅ ÎÏÅÀÒÎÛ
È ÈÕ ÑÂÎÉÑÒÂÀ
Îñíîâîé ìàòåìàòè÷åñêîãî àïïàðàòà êâàíòîâîé ìåõàíèêè ÿâëÿåò-
ñÿ òåîðèÿ ëèíåéíûõ ñàìîñîïðÿæåííûõ îïåðàòîðîâ, â ñîîòâåòñòâèè
ñ êîòîðîé êàæäîé èçè÷åñêîé âåëè÷èíå ñîïîñòàâëÿåòñÿ îïåðàòîð
èëè îïåðàòîðíîå âûðàæåíèå. Â òàêîì ñëó÷àå ãîâîðÿò, ÷òî èçè÷å-
ñêèå âåëè÷èíû èçîáðàæàþòñÿ îïåðàòîðàìè.
Â ìàòåìàòèêå, êàê èçâåñòíî, îïåðàòîðîì íàçûâàåòñÿ ïðàâèëî, ïî
êîòîðîìó ñîïîñòàâëÿþòñÿ äâå óíêöèè u(x) è f(x) èç îäíîãî è òîãî
æå ìíîæåñòâà. Äðóãèìè ñëîâàìè, îïåðàòîð îïðåäåëÿåò íåêîòîðîå
äåéñòâèå. Äëÿ òîãî, ÷òîáû îòëè÷àòü îïåðàòîðû îò ïåðåìåííûõ è
óíêöèé, èõ îáû÷íî îáîçíà÷àþò ëàòèíñêèìè áóêâàìè ñî çíà÷êîì̂ ñâåðõó (íàïðèìåð, L̂).
1. Îïåðàòîð Â íàçûâàåòñÿ ëèíåéíûì, åñëè îí óäîâëåòâîðÿåò óñëî-
âèþ
Â(C1Ψ1 + C2Ψ2) = C1ÂΨ1 + C2ÂΨ2,
ãäå C1 è C2  ïðîèçâîëüíûå âåùåñòâåííûå èëè êîìïëåêñíûå
÷èñëà, Ψ1 è Ψ2  âîëíîâûå óíêöèè.
2. Êàæäîìó ëèíåéíîìó îïåðàòîðó Â ìîæíî ïîñòàâèòü â ñîîòâåò-
ñòâèå ëèíåéíûé, ñîïðÿæåííûé åìó, îïåðàòîð Â+, óäîâëåòâî-
ðÿþùèé óñëîâèþ∫
Ψ∗1ÂΨ2dx =
∫
Ψ2(Â
+Ψ1)
∗dx.
3. Îòìåòèì ñâîéñòâà ñîïðÿæåííûõ îïåðàòîðîâ
a) (Â+)+ = Â;
b) (αÂ)+ = α∗Â+;
c) (Â+ B̂)+ = Â+ + B̂+;
d) (ÂB̂)+ = B̂+Â+,
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4. Åñëè îïåðàòîð, ñîïðÿæåííûé äàííîìó, ñîâïàäàåò ñ íèì, ò.å.
Â = Â+, òî îïåðàòîð Â íàçûâàåòñÿ ýðìèòîâûì èëè ñàìî-
ñîïðÿæåííûì.
5. Ñóììîé îïåðàòîðîâ Â è B̂ íàçûâàåòñÿ îïåðàòîð (Â+ B̂), äåé-
ñòâóþùèé ïî ïðàâèëó
(Â+ B̂)Ψ = ÂΨ+ B̂Ψ.
6. Ïðîèçâåäåíèåì äâóõ ëèíåéíûõ ýðìèòîâûõ îïåðàòîðîâ Â è B̂
íàçûâàåòñÿ îïåðàòîð Ĉ = ÂB̂, äåéñòâóþùèé ïî ïðàâèëó
ĈΨ = Â(B̂Ψ).
7. Êîììóòàòîðîì äâóõ îïåðàòîðîâ Â è B̂ íàçûâàåòñÿ îïåðàòîð,
îáîçíà÷àåìûé ñèìâîëîì [Â, B̂] è îïðåäåëÿåìûé ñëåäóþùèì îá-
ðàçîì:
[Â, B̂]Ψ = (ÂB̂ − B̂Â)Ψ = ÂB̂Ψ− B̂ÂΨ.
Åñëè [Â, B̂] = 0, òî îïåðàòîðû Â è B̂ íàçûâàþòñÿ êîììóòèðó-
þùèìè.
8. Îïåðàòîð Â−1 íàçûâàåòñÿ îáðàòíûì îïåðàòîðó Â, åñëè âûïîë-
íÿåòñÿ ðàâåíñòâî
(ÂÂ−1)Ψ = (Â−1Â)Ψ ≡ Ψ.
9. Îïåðàòîð Ê íàçûâàåòñÿ åäèíè÷íûì, åñëè åãî äåéñòâèå íà ëþ-
áóþ âîëíîâóþ óíêöèþ Ψ íå ìåíÿåò åå, ò.å.
ÊΨ ≡ Ψ.
10. Öåëàÿ ïîëîæèòåëüíàÿ ñòåïåíü ëèíåéíîãî ñàìîñîïðÿæåííî-
ãî îïåðàòîðà åñòü
ÂnΨ = ÂÂ . . . (Â︸ ︷︷ ︸
n
Ψ),
ãäå ðàâåíñòâî ñïðàâà ðàñêðûâàåòñÿ â ñîîòâåòñòâèè ñ ïðàâèëîì
ïðîèçâåäåíèÿ îïåðàòîðîâ (ñì. ñâîéñòâî 6.).
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Òàáëèöà 0.1: Îñíîâíûå êâàíòîâîìåõàíè÷åñêèå îïåðàòîðû
Äèíàìè÷åñêàÿ ïåðåìåííàÿ êëàññè÷å-
ñêîé ìåõàíèêè
Îïåðàòîð êâàíòîâîé ìåõàíèêè
àäèóñ-âåêòîð è êîîðäèíàòû: ~r =
x~i+ y~j + z~k
~ˆr = xˆ~i + yˆ~j + zˆ~k,
ãäå xˆ = x, yˆ = y, zˆ = z
Èìïóëüñ: ~p = px~i+ py~j + pz~k ~ˆp = pˆx~i + pˆy~j + pˆz~k,
ãäå pˆx = −i~ ∂
∂x
, pˆy = −i~ ∂
∂y
,
pˆz = −i~ ∂
∂z
Ìîìåíò èìïóëüñà:
~M = [~r, ~p],
ãäå Mx = ypz − zpy,
My = zpx − xpz, Mz = xpy − ypx
~ˆM = [~ˆr, ~ˆp],
ãäå Mˆx = yp̂z − zpˆy,
Mˆy = zpˆx − xpˆz , Mˆz = xpˆy − ypˆx
Êâàäðàò ìîìåíòà èìïóëüñà:
~M2 =
M2
x
+M2
y
+M2
z
~ˆM2 = Mˆx
2
+ Mˆy
2
+ Mˆz
2
Êèíåòè÷åñêàÿ ýíåðãèÿ: T =
~p 2
2m
Tˆ =
~ˆp 2
2m
Ïîëíàÿ ýíåðãèÿ: E = T + U(~r),
U(~r) - ïîòåíöèàëüíàÿ ýíåðãèÿ
àìèëüòîíèàí: H =
~p 2
2m
+ U(~r) =
= − ~
2
2m
△+ U(~r),
△ = ∂
2
∂x2
+
∂2
∂y2
+
∂2
∂z2
Ïðèìåð 1. Íàéòè êîììóòàòîð [
∂
∂x
, x].
åøåíèå: Äëÿ òîãî, ÷òîáû íàéòè êîììóòàòîð, íóæíî ïîäåéñòâî-
âàòü èì íà ïðîèçâîëüíóþ âîëíîâóþ óíêöèþ Ψ. Çäåñü Â =
∂
∂x
è
B̂ = x. Òîãäà ñîãëàñíî îïðåäåëåíèþ êîììóòàòîðà çàïèøåì
(
∂
∂x
x− x ∂
∂x
)
Ψ =
∂
∂x
(xΨ)− x∂Ψ
∂x
= Ψ+ x
∂Ψ
∂x
− x∂Ψ
∂x
= Ψ.
Ñëåäîâàòåëüíî, êîììóòàòîð [
∂
∂x
, x] ïðåäñòàâëÿåò ñîáîé åäèíè÷íûé
îïåðàòîð Ê, ò.å. [
∂
∂x
, x] = Ê, ò.ê. áóäó÷è ïðèìåíåííûì ê ïðîèçâîëü-
íîé âîëíîâîé óíêöèè Ψ, îí íå ìåíÿåò åå.
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Ïðèìåð 2. Äîêàçàòü ñëåäóþùåå îïåðàòîðíîå ðàâåíñòâî:(
∂
∂x
+ x
)2
=
(
∂
∂x
)2
+ 2x
∂
∂x
+ x2 + 1.
Äîêàçàòåëüñòâî: àñêðîåì îïåðàòîðíîå âûðàæåíèå â ëåâîé
÷àñòè ðàâåíñòâà. Äëÿ ýòîãî ïîäåéñòâóåì èì íà ïðîèçâîëüíóþ âîë-
íîâóþ óíêöèþ Ψ:(
∂
∂x
+ x
)2
Ψ =
(
∂
∂x
+ x
)(
∂Ψ
∂x
+ xΨ
)
=
∂
∂x
(
∂Ψ
∂x
+ xΨ
)
+
+ x
(
∂Ψ
∂x
+ xΨ
)
=
∂2Ψ
∂x2
+Ψ+ x
∂Ψ
∂x
+
+ x
∂Ψ
∂x
+ x2Ψ =
[(
∂
∂x
)2
+ 2x
∂
∂x
+ x2 + 1
]
Ψ.
Ïðèìåð 3. Äîêàçàòü, ÷òî åñëè âûïîëíÿåòñÿ óñëîâèå [Â, B̂] = 1,
òî ñïðàâåäëèâî ñëåäóþùåå ðàâåíñòâî: [Â, B̂2] = 2B̂.
Äîêàçàòåëüñòâî: Ó÷èòûâàÿ îïðåäåëåíèå êîììóòàòîðà, ìîæíî
ïåðåîðìóëèðîâàòü çàäàíèå ñëåäóþùèì îáðàçîì: Äîêàçàòü, ÷òî
[Â, B̂2] = ÂB̂2 − B̂2Â = 2B̂, (0.1)
åñëè âûïîëíÿåòñÿ
[Â, B̂] = ÂB̂ − B̂Â = 1. (0.2)
Äëÿ äîêàçàòåëüñòâà âûïèøåì èç óñëîâèÿ (0.2) ñëåäóþùåå ñîîòíîøå-
íèå äëÿ îïåðàòîðíîãî ïðîèçâåäåíèÿ ÂB̂, êîòîðîå ìû â äàëüíåéøåì
áóäåì èñïîëüçîâàòü
ÂB̂ = 1 + B̂Â. (0.3)
Ïîäåéñòâóåì ëåâûì îïåðàòîðíûì âûðàæåíèåì â ðàâåíñòâå (0.1) íà
Ψ. Ïîëó÷àåì
ÂB̂B̂Ψ− B̂B̂ÂΨ = (1 + B̂Â)B̂Ψ− B̂B̂ÂΨ = Ψ+ B̂ÂB̂Ψ− B̂B̂ÂΨ =
= B̂Ψ+ B̂(1 + B̂Â)Ψ− B̂B̂ÂΨ =
= 2B̂Ψ+ B̂B̂ÂΨ− B̂B̂ÂΨ = 2B̂Ψ,
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ãäå ïðè âûâîäå ìû èñïîëüçîâàëè óñëîâèå (0.3). Òàêèì îáðàçîì, ìû
äîêàçàëè, ÷òî
[Â, B̂2] = 2B̂.
Ïðèìåð 4. Íàéòè ïðàâèëà êîììóòàöèè îïåðàòîðîâ Mˆx è yˆ.
åøåíèå: Ïîäåéñòâóåì êîììóòàòîðîì [Mˆx, yˆ] íà ïðîèçâîëüíóþ
âîëíîâóþ óíêöèþ Ψ, âûðàçèâ îïåðàòîð ïðîåêöèè ìîìåíòà èìïóëü-
ñà ÷åðåç îïåðàòîðû êîîðäèíàòû è èìïóëüñà:
[Mˆx, yˆ]Ψ = MˆxyˆΨ− yˆMˆxΨ = (yˆpˆz − zˆpˆy)yˆΨ− yˆ(yˆpˆz − zˆpˆy)Ψ =
= yˆpˆzyˆΨ− zˆpˆyyˆΨ− yˆ2pˆzΨ− yˆzˆpˆyΨ =
= yˆ2pˆzΨ− yˆ2pˆzΨ+ zˆ (yˆpˆy − pˆyyˆ)︸ ︷︷ ︸
[yˆ,pˆy]
Ψ = i~zˆΨ. (0.4)
Ïðèìå÷àíèå: Ïðè ïîëó÷åíèè ðåçóëüòàòà èñïîëüçîâàëèñü èçâåñò-
íûå êîììóòàòîðíûå ñîîòíîøåíèÿ
[yˆ, pˆy] = i~, [yˆ, pˆz] = 0 | ⇒ yˆpˆz = pˆzyˆ,
Ïðèìåð 5. Äîêàçàòü, ÷òî îïåðàòîð Aˆ = − ∂
2
∂x2
ÿâëÿåòñÿ ñàìîñî-
ïðÿæåííûì.
Äîêàçàòåëüñòâî: Èíòåãðèðóÿ ïî ÷àñòÿì è ïðèíèìàÿ âî âíè-
ìàíèå,
Aˆ∗ = Aˆ = − ∂
2
∂x2
, (0.5)
à óíêöèè Ψ1 è Ψ2  íåïðåðûâíû è îáðàùàþòñÿ â íóëü íà ãðàíèöàõ
îáëàñòè îïðåäåëåíèÿ, ïîëó÷àåì∫ ∞
−∞
Ψ∗1AˆΨ2dx = −
∫ ∞
−∞
Ψ∗1
∂2Ψ2
∂x2
dx = − Ψ∗1
∂Ψ2
∂x
∣∣∣∣∞
−∞
+
+
∫ ∞
−∞
∂Ψ∗1
∂x
∂Ψ2
∂x
dx =
∂Ψ∗1
∂x
Ψ2
∣∣∣∣∞
−∞
−
∫ ∞
−∞
∂2Ψ∗1
∂x2
Ψ2dx =
=
∫ ∞
−∞
Ψ2(AˆΨ1)
∗dx.
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Ñëåäîâàòåëüíî, Aˆ = − ∂
2
∂x2
 ñàìîñîïðÿæåííûé îïåðàòîð.
Ïðèìåð 6. Íàéòè îïåðàòîð Aˆ+, ñîïðÿæåííûé ê äàííîìó îïåðà-
òîðó Aˆ =
∂
∂x
.
åøåíèå: Èíòåãðèðóÿ ïî ÷àñòÿì è ó÷èòûâàÿ, ÷òî âîëíîâûå óíê-
öèè Ψ1 è Ψ2  íåïðåðûâíû è îáðàùàþòñÿ â íóëü íà ãðàíèöàõ èíòåð-
âàëà (−∞,∞), ïîëó÷àåì∫ ∞
−∞
Ψ∗1AˆΨ2dx =
∫ ∞
−∞
Ψ∗1
∂Ψ2
∂x
dx = Ψ∗1Ψ2|∞−∞ −
−
∫ ∞
−∞
Ψ2
∂Ψ∗1
∂x
dx =
∫ ∞
−∞
Ψ2
(
−∂Ψ1
∂x
)∗
dx,
ãäå Aˆ =
∂
∂x
, Aˆ+ = − ∂
∂x
.
Îòìåòèì òàêæå, ÷òî îïåðàòîð Aˆ íå ÿâëÿåòñÿ ñàìîñîïðÿæåííûì, ò.ê.
Aˆ 6= Aˆ+.
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ÇÀÄÀ×È È ÓÏÀÆÅÍÈß
Ïðîâåðèòü ñëåäóþùèå îïåðàòîðíûå ñîîòíîøåíèÿ:
4.1 AˆBˆΨ = CˆΨ, Aˆ =
∂
∂x
, Bˆ = xˆ, Cˆ = 1 + xˆ
∂
∂x
.
4.2 x2
d
dx
· 1
x
= x
d
dx
− 1.
4.3
(
1 +
d
dx
)2
= 1 + 2
d
dx
+
d2
dx2
.
4.4
(
x+
d
dx
)2
= 1 + x2 + 2x
d
dx
+
d2
dx2
.
4.5
(
1
x
d
dx
x
)2
=
d2
dx2
+
2
x
d
dx
.
4.6
(
∂
∂x
+
∂
∂y
)2
=
∂2
∂x2
+ 2
∂2
∂x∂y
+
∂2
∂y2
.
4.7 Íàéòè Aˆ3, åñëè Aˆ =
d
dx
+
1
x
.
4.8 Ïåðåìíîæèòü îïåðàòîðû (Aˆ− Bˆ) è (Aˆ+ Bˆ).
4.9 Íàéòè ðåçóëüòàòû ïðèìåíåíèÿ îïåðàòîðîâ
d2
dx2
x2 è
(
d
dx
x
)2
ê
ñëåäóþùèì óíêöèÿì:
a) cos(x),
b) exp(x),
c) sin(kx) exp(−αx), ãäå k, α = const,
d) cos(kx) exp(−βx), ãäå k, β = const.
4.10 Íàéòè ñëåäóþùèå êîììóòàòîðû:
a)
[
x
d
dx
, x
]
, b)
[
d2
dx2
, x2
]
, )
[
d3
dx3
, x3
]
, d)
[
x2
d2
dx2
, x2
]
.
Ïðîâåðèòü ñëåäóþùèå ðàâåíñòâà äëÿ êîììóòàòîðîâ:
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4.11 [xˆ, pˆx] = i~,
[
xˆ2, pˆx
]
= 2i~xˆ.
4.12 [f(x), pˆx] = i~
∂f(x)
∂x
.
4.13
[
f(x), pˆ2x
]
= 2i~
∂f(x)
∂x
pˆx + ~
2∂
2f(x)
∂x2
.
4.14 [xˆ,∆] =
2i
~
pˆx.
4.15
[
xˆ2,
[
xˆ, pˆ2x
]]
= 4~2xˆ.
4.16
[
x, Hˆ
]
=
i~
m
pˆx, ãäå Hˆ =
pˆ2x
2m
+ Uˆ (x).
4.17
[
Hˆ, pˆx
]
= i~
∂Uˆ
∂x
.
4.18
[
Hˆ, pˆ2x
]
= 2i~pˆx
∂U
∂x
+ ~2
∂2U
∂x2
.
4.19 a)
[
Mˆx, pˆz
]
= −i~pˆy, b)
[
Mˆx, pˆy
]
= i~pˆz,
)
[
Mˆx, pˆx
]
=
[
Mˆy, pˆy
]
=
[
Mˆz, pˆz
]
= 0, d)
[
Mˆx, x
]
= 0.
4.20
[
Mˆx, pˆ
2
x
]
= 0,
[
Mˆx, pˆx
]
= 0.
4.21
[
Mˆ+, Mˆ−
]
= 2~Mˆz, ãäå Mˆ± = Mˆx ± iMˆy.
4.22
[
Mˆx, pˆ
2
]
= 0,
[
Mˆ2x , pˆ
2
]
= 0.
4.23
[
~ˆM2, Mˆα
]
= 0, ãäå α = x, y, z.
4.24
[
Mˆx, Mˆy
]
= i~Mˆz,
[
Mˆy, Mˆz
]
= i~Mˆx,
[
Mˆz, Mˆx
]
= i~Mˆy.
4.25 Äîêàçàòü, ÷òî åñëè
[
Aˆ, Bˆ
]
= 0, òî
[(
Aˆ+ Bˆ
)
,
(
Aˆ− Bˆ
)]
= 0.
4.26 Äîêàçàòü, ÷òî åñëè
[
Aˆ, Bˆ
]
= 1, òî a)
[
Aˆ, Bˆ3
]
= 3Bˆ2;
b)
[
Aˆ2, Bˆ2
]
= 2
(
AˆBˆ + BˆAˆ
)
.
11
4.27 Äîêàçàòü êîììóòàòîðíûå ñîîòíîøåíèÿ:
a)
[(∑
i
Aˆi
)
, Bˆ
]
=
∑
i
[
Aˆi, Bˆ
]
,
b)
[
Aˆ, BˆCˆ
]
=
[
Aˆ, Bˆ
]
Cˆ + Bˆ
[
Aˆ, Cˆ
]
,
)
[
AˆBˆ, Cˆ
]
= Aˆ
[
Bˆ, Cˆ
]
+
[
Aˆ, Cˆ
]
Bˆ,
d)
[
Aˆ,
[
Bˆ, Cˆ
]]
+
[
Bˆ,
[
Cˆ, Aˆ
]]
+
[
Cˆ,
[
Aˆ, Bˆ
]]
= 0.
4.28 Íàéòè óñëîâèå, ïðè êîòîðîì ãàìèëüòîíèàí çàðÿæåííîé ÷àñòè-
öû âî âíåøíåì ìàãíèòíîì ïîëå Hˆ:
Hˆ =
1
2m
(
~ˆp− e
c
~A
)2
,
ãäå
~A - âåêòîðíûé ïîòåíöèàë, ìîæíî çàïèñàòü â ñëåäóþùåé
îðìå
Hˆ =
~ˆp2
2m
− e
mc
~ˆp ~A+
e2
2mc2
~A2.
4.29 Íàéòè ïðàâèëî êîììóòàöèè
[
~ˆp, ~A
]
, ãäå
~A - âåêòîðíûé ïîòåíöè-
àë â ñëó÷àå îäíîðîäíîãî ìàãíèòíîãî ïîëÿ.
4.30 Ïðîâåðèòü, ÿâëÿåòñÿ ëè ëèíåéíûì îïåðàòîð:
à) îïåðàöèè âçÿòèÿ êîìïëåêñíîãî ñîïðÿæåíèÿ;
b) îïåðàöèÿ
√
... - èçâëå÷åíèå êâàäðàòíîãî êîðíÿ;
) pˆx;
d)Mˆx, Mˆy, Mˆz;
e) ∆;
f) Hˆ;
g) óìíîæåíèå íà ïîñòîÿííîå ÷èñëî C.
4.31 Ïîêàçàòü, ÷òî åñëè îïåðàòîðû Aˆ è Bˆ ÿâëÿþòñÿ ëèíåéíûìè, òî
îïåðàòîðû Aˆ+ Bˆ è AˆBˆ òàêæå ÿâëÿþòñÿ ëèíåéíûìè.
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4.32 Ïðîâåðèòü ñàìîñîïðÿæåííîñòü ñëåäóþùèõ îïåðàòîðîâ:
a) x; b)
∂
∂x
; ) i
∂
∂x
; d) ∆.
4.33 Ïîêàçàòü, ÷òî îïåðàòîðû à)pˆx, b)pˆ
2
, )Mˆz, d)Mˆ2, e)Hˆ
ÿâëÿþòñÿ ñàìîñîïðÿæåííûìè.
4.34 Åñëè Aˆ è Bˆ ÿâëÿþòñÿ ñàìîñîïðÿæåííûìè îïåðàòîðàìè, áóäóò
ëè ñàìîñîïðÿæåííûìè ñëåäóþùèå îïåðàòîðû:
à)Aˆ+ Bˆ, b) AˆBˆ + BˆAˆ, ) i
(
AˆBˆ + BˆAˆ
)
.
4.35 Ïîêàçàòü, ÷òî åñëè Aˆ è Bˆ - äâà ñàìîñîïðÿæåííûõ êîììóòèðó-
þùèõ îïåðàòîðà, òî AˆBˆ - òîæå ñàìîñîïðÿæåííûé îïåðàòîð.
4.36 Îïåðàòîðû Aˆ è Bˆ - íåêîììóòèðóþùèå, íî ñàìîñîïðÿæåííûå.
Áóäóò ëè â ýòîì ñëó÷àå ñîïðÿæåííûìè:
à) îïåðàòîð
[
Aˆ, Bˆ
]
, b) îïåðàòîð i
[
Aˆ, Bˆ
]
.
4.37 Íàéòè îïåðàòîð, ñîïðÿæåííûé ñ îïåðàòîðîì
à)
d
dx
, b) i
d
dx
, )−i d
dx
+ x, d)
d
dx
1
x
, e)
d2
dx2
.
Êàêèå èç ýòèõ îïåðàòîðîâ ÿâëÿþòñÿ ñàìîñîïðÿæåííûìè?
4.38 Äîêàçàòü, ÷òî îïåðàòîð Aˆn, ãäå n  öåëîå ïîëîæèòåëüíîå ÷èñëî,
ÿâëÿåòñÿ ñàìîñîïðÿæåííûì, åñëè îïåðàòîð Aˆ - ñàìîñîïðÿæåí-
íûé.
4.39 Äàí îïåðàòîð Aˆ = BˆCˆ. Ïîêàçàòü, ÷òî îïåðàòîð Aˆ+, ñîïðÿæåí-
íûé îïåðàòîðó Aˆ, ðàâåí ïðîèçâåäåíèþ ñîïðÿæåííûõ îïåðàòî-
ðîâ Bˆ+ è Cˆ+, ò.å. Aˆ+ = Cˆ+Bˆ+.
4.40 Íàéòè îïåðàòîð, ñîïðÿæåííûé ñ îïåðàòîðîì: à) xpˆx; b) ipˆx.
4.41 Äîêàçàòü ñàìîñîïðÿæåííîñòü îïåðàòîðà pˆ2x.
4.42 Íàéòè îïåðàòîð, ïåðåâîäÿùèé Ψ(x) â Ψ(x+ a).
4.43 Âûðàçèòü îïåðàòîð ïàðàëëåëüíîãî ïåðåíîñà TˆΨ(~r) = Ψ(~r + ~a)
÷åðåç îïåðàòîð èìïóëüñà.
13
4.44 Íàéòè ðåçóëüòàò äåéñòâèÿ îïåðàòîðà ek
∂
∂x
íà âîëíîâóþ óíê-
öèþ Ψ(x).
4.45 ßâëÿåòñÿ ëè îïåðàòîð êîìïëåêñíîãî ñîïðÿæåíèÿ (AˆΨ = Ψ∗)
ëèíåéíûì?
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ÎÒÂÅÒÛ È ÓÊÀÇÀÍÈß
4.7
d3
dx3
+
3
x
d2
dx2
.
4.8
(
Aˆ− Bˆ
)(
Aˆ+ Bˆ
)
= Aˆ2 − Bˆ2 +
(
AˆBˆ − BˆAˆ
)
.
4.9 à)
(
2− x2) cosx− 4x sinx; (1− x2) cosx− 3x sinx;
b)
(
2 + 4x+ x2
)
ex;
(
1 + 3x+ x2
)
ex.
4.10 à) x, b) 2 + 4x
∂
∂x
, ) 6 + 18x
∂
∂x
+ 9x2
∂2
∂x2
, d) x3.
4.28
(
~∇ ~A
)
= div ~A = 0.
4.29 [~ˆp, ~A] = −i~ rot ~A.
4.34 à) äà, b) äà, ) íåò.
4.36 à) íåò, b) äà.
4.37 à) − ∂
∂x
, b) i
∂
∂x
, ) x− i ∂
∂x
, d) −1
x
d
dx
, e) − d
2
dx2
.
Ñàìîñîïðÿæåííûìè ÿâëÿþòñÿ îïåðàòîðû b), ) è e).
Ïðèìå÷àíèå: Èìåòü â âèäó, ÷òî íà áåñêîíå÷íîñòè âîëíîâûå óíê-
öèè îáðàùàþòñÿ â íóëü.
4.40 à) pˆxx, b)−ipˆx.
4.41 Èìåòü â âèäó, ÷òî íà áåñêîíå÷íîñòè âîëíîâûå óíêöèè è èõ
ïðîèçâîäíûå îáðàùàþòñÿ â íóëü.
4.42 Íàì òðåáóåòñÿ íàéòè îïåðàòîð Tˆa îñóùåñòâëÿþùèé ïåðåíîñ âäîëü
îñè x íà âåëè÷èíó a, ò.å. TˆaΨ(x) = Ψ(x+ a).
Ïîëàãàÿ a ìàëûì, ðàçëîæèì Ψ(x+ a) â ðÿä ïî ñòåïåíÿì a:
TˆaΨ(x) = Ψ(x+a) = Ψ(x)+a
dΨ
dx
+
a2
2!
d2Ψ
dx2
+ . . . =
∞∑
n=0
an
n!
dnΨ(x)
dxn
.
Ñðàâíèâàÿ ïîëó÷åííîå âûðàæåíèå ñ ðàçëîæåíèåì
ex = 1 + x+
x2
2!
+
x3
3!
+ . . . =
∞∑
n=0
an
n!
dn
dxn
, ïîëó÷èì Tˆa = e
a d
dx
.
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4.43 Tˆa = e
i(~a,~p)/~
, òàê êàê ~p =
~
i
∇ èëè ∇ = i
~
~p.
4.44 Çàäà÷à, îáðàòíàÿ çàäà÷å 42, åñëè ïîëîæèòü a = k.
4.45 Äà.
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